In this paper, we present a proof that the list of the classification of arrangements of 9 lines by S. Nazir and M. Yoshinaga is complete.
arrangements in CP
2 .
An essential topic in hyperplane arrangements theory is to study the interaction between topology of complements and combinatorics of intersection lattices. Naturally enough, one may ask how close topology and combinatorics of a given arrangement are related. Two arrangements A 1 and A 2 are homeomorphic equivalent if there is a homeomorphism between their complements.
A more concrete question is how close lattice isomorphism and homeomorphic equivalence are being a one-to-one correspondence.
For line arrangements, Jiang and Yau [JY98] show that homeomorphic equivalence always implies lattice isomorphism. However, even for line arrangements, the converse is not true in general.
A pair of arrangements which are lattice isomorphism but not homeomorphic equivalent is called a Zariski pair. Our definition is stronger than the definition introduced by Artal in [AB94] , which we shall call weak Zariski pairs (see [ABCT08] for a survey on Zariski pairs). The first Zariski pair of arrangements was constructed by Rybnikov [Ryb11] . 
, and N ± are lines passing through a triple point and a double point of C ± . The proof is based on the observation that there is no order-preserving homeomorphism between (P 2 , C + ) and (P 2 , C − ). On the contrary direction, Garber, Teicher and Vishne [GTV03] proved that there is no Zariski pair of arrangement of upto 8 real lines which covered the result of Fan [Fan97] on arrangements of 6 lines. This result was recently generalized to arrangements of 8 complex lines by Nazir and Yoshinaga [NY10] .
A natural question is what is the minimal number of lines of a Zariski pair of line arrangements. This is one of our motivations.
On the other hand, Randell [Ran89] The main purpose of this paper is to present a proof that Nazir and Yoshinaga's list on the classification of arrangements of 9 lines is complete. As a corollary, we conclude that there is no Zariski pair of arrangements of 9 lines.
The paper is organized as following. In section 1, we recall some results in Nazir and Yoshinaga's paper. In section 2, we prove the list of the classification of arrangements of 9 lines by Nazir and Yoshinaga is complete. In section 4, we consider the example of arrangements of 10 lines C ± and give an explicit diffeomorphism between the complements M (C ± ).
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2 Simple C ≤3 line arrangements
Consider the dual space (CP 2 ) * of the projective space CP 2 . A line arrange-
. . , L * n ) in the product of the dual spaces ((CP 2 ) * ) n . We define the moduli space of arrangements with the fixed lattice L(A) as
We say a singular point P of
The following definition is a combination of Nazir and Yoshinaga's original definitions of C 1 , C 2 and simple C 3 arrangements. 
2. one of L 1 , L 2 and L 3 contains at most one more multiple point apart of
Here are some examples of arrangements which are not simple C ≤3 .
Example 2.1 (MacLane arrangements). A MacLane arrangement (see Figure   1 ) consists of eight lines and eight triple points such that each line passes through exactly three triple points. It is not hard to check that the moduli space of MacLane arrangements consists of two points. Representatives of the two points can be defined by the following equations:
Since each line passes through three triple points, there are at most seven triple points on three lines. Thus MacLane arrangements can not be simple 
be arrangements of nine lines in P 2 , where the lines are defined as follows:
Arrangements F S ± are called Falk-Sturmfels arrangements (see Figure 2 ).
It is known (see for instance, Example 5.2 in [NY10] ) that the moduli space 
Lemma 2.2 ([NY10] Lemma 4.4). If a line arrangement is not simple
. . , L 6 } be the arrangement which has two triple points
Using Lemma 2.2, one can easily prove that an arrangement of 7 lines is simple C ≤3 . It is also not hard to prove the following result. line arrangements with the fixed intersection lattice L(A) is irreducible.
. . , L n } be a line arrangement, and A = {L 1 , L 2 , . . . , L n−1 } be a sub-arrangement. The following lemma shows when the irreducibility of the moduli space M A will be inherited.
Lemma 2.5 ( [NY10], Lemma 2.4).
Assume that the line L n passes through at most two multiple points of the arrangement A. Then the moduli space M A is a fiber bundle over the moduli space of M A . In particular, the moduli space
Applying the above lemma to arrangements of 9 lines, we have the following corollary.
Corollary 2.6. Let A be an arrangement of 9 lines. If there is a line in A which passes through at most two multiple points of A, then either A contains a MacLane arrangement as a sub-arrangement, or the moduli space M A is irreducible.
Proof. The conclusion follows directly from Proposition 2.3 and Lemma 2.5.
Classification of arrangements of 9 lines
For a line arrangement A, we denote by m A the highest multiplicity of a multiple point of A. We will divide the classification of arrangements of 9 lines into three cases according to the value of m A .
Let n r be the number of multiple points of multiplicity r. We first recall two well-known results on the number of multiple points.
Theorem 3.1 ([Hir86]
). Let A be an arrangement of t lines in CP 2 . Assume that n t = n t−1 = n t−2 = 0. Then
Lemma 3.2 (see for instance [Hir86] ). Let A be a line arrangement of n lines in CP 2 . We have the following intersection formula:
We first observe the following result.
Proposition 3.3. Let A be an arrangements of 9 lines. If A has a multiple points of multiplicity at least 5, then the moduli space M A is irreducible.
Proof. Assume that L 1 ∩L 2 ∩· · ·∩L 5 = ∅. There are at most 6 double points in L 6 ∪L 7 ∪L 8 ∪L 9 . Then there are at most 7 multiple points in L 1 ∪L 2 ∪· · ·∪L 5 .
So at least one of the five lines L 1 , L 2 , . . . , L 5 contains only two multiple points.
By Corollary 2.6, the moduli space M A is irreducible.
m A = 4
Let A be an arrangement of 9 lines. In this subsection, we assume that multiple points of A are at most quadruple points.
Proposition 3.4. Assume that each line of A passes through at least three multiple points and n 4 ≥ 1. Then, either M A is irreducible or A is lattice isomorphic to a Falk-Sturmfels arrangement.
Proof. We will first show that n 4 = 1. points. Therefore, there should be at least 9 − n 4 triple points on those four lines such that each line passes through at least 3 multiple points. By Theorem 3.1 and Lemma 3.2, we have 36 = 6n 4 + 3n 3 + n 2 ≥ 6n 4 + 9 4 n 3 + 9 ≥ 6n 4 + 9 4 (9 − n 4 ) + 9.
Solving the inequality, we obtain that n 4 ≤ 9 5 < 2. Therefore, by the assumption, we have n 4 = 1.
Now we claim that all triple points should be on the lines passing through the quadruple point.
However, there should be at least 8 triple points so that each of the four lines L 1 , L 2 , L 3 and L 4 passes through at least three multiple points. Therefore, by the assumption, all triple points must be on the lines passing through the quadruple point.
If A is simple C ≤3 , then the moduli space M A is irreducible. We only need to consider the case that A is not simple C ≤3 . By Lemma 2.2, we know that the arrangement A has a sub-arrangement A s . It is not hard to see that the quadruple point should be one of Q ij , where i, j ∈ {1, 2, 3}.
Up to a lattice isomorphism, we may assume that the only quadruple point
Since all triple points should be on
points on L 7 and L 8 should be in the following set of points
The following figure (Figure 4) is an example but an excluding one, for L 6 passes through only one triple point.
Therefore, each of the lines L 7 and L 8 will have at least one Q ij , where i, j ∈ {2, 3}.
1. Assume that each of the lines L 7 and L 8 passes through exactly one of the points {Q 22 , Q 23 , Q 32 , Q 33 }.
If those two Q ij are on same line, then one of the four lines
and L 6 will have at most two multiple points. For example, in Figure 4 , the line L 6 passes through only one multiple points,
Figure 4: An excluding arrangement
Assume that they are not on the same line. Up to switching labels between L 2 and L 3 , correspondingly, L 5 and L 6 , we may assume that
By switching the labels between L 2 and L 3 , L 5 and L 6 , and L 7 and L 8 , we see that those two arrangements are lattice isomorphic. Moreover, one can check that both arrangements (see Figure 5 ) are lattice isomorphic to Falk-Sturmfels arrangements.
Figure 5: Falk-Sturmfels arrangement 1 and
Otherwise, L 8 will have only two multiple points. Correspondingly,
. By first switching the labels between L 1 and L 4 , L 2 and L 5 , and L 3 ∩ L 6 , then switching the labels between L 2 and L 3 , and L 5 and L 6 , we see that those two arrangements are lattice isomorphic. Moreover, we check that A (see Figure 6 ) is also lattice isomorphic to Falk-Sturmfels arrangements.
Figure 6: Falk-Sturmfels arrangement 2 3. Assume that each of L 7 and L 8 contains two of {Q 22 , Q 23 , Q 32 , Q 33 }, then L 9 will contain at most two multiple points.
Therefore, we conclude that either M A is irreducible or A is lattice isomorphic to a Falk-Sturmfels arrangement.
m A = 3
Now we consider the last case that all multiple points are triple points. We will first investigate possible values of n 3 such that each line has at least three triple points. Notice that n 3 should be no less than 9. On the other hand, we observe the following result. Proof. By Lemma 3.2, to show that n 3 ≤ 10, it is enough to show that n 2 ≥ 4.
Since A does not contain a MacLane arrangement, at most one of the lines L 7 , L 8 and L 9 passes through three Q ij , where i, j ∈ {1, 2, 3}, (defined as above). We may assume that each of the lines L 7 and L 8 passes through at most two Q ij . By our assumption and Lemma 2.2, the arrangement A has a sub-arrangement A s .
Let x be the number of Q ij which are not in L 7 ∪ L 8 ∪ L 9 . It is clear that x ≥ 2. Let y and z be the number of double points of A which are in
Assume that y + z ≤ 1. Then each of the lines L 7 and L 8 should passes
double points. Without of loss generality, we assume that
is not hard to see that the 7 double points of A are all on L 4 ∪ L 5 ∪ L 6 . The line L 9 can only pass through at most three double points of A . Therefore, the arrangement A still has at least 4 double points.
Remark 3.6. It is worth to point out the following fact. By Theorem 2.15 [CS93] , if our arrangements is real arrangements, i.e. coefficients of the defining equations of the lines are real numbers, then there are at least 60/13 > 4 double points. Hence there should be at most 10 triple points. However, there seems no similar result for complex line arrangements.
Proposition 3.7. Let A be an arrangement of 9 lines with 9 triple points.
Assume that all multiple points of A are triple points and each line passes through exactly three triple points. Then the moduli space M A is irreducible.
Proof. It is known (see Theorem 2.2.1 [Grü09] ) that A is lattice isomorphic to one of the three arrangements appearing in Figure 7 . One can check that the moduli space M A is irreducible in each case. 
are triple points. Otherwise there should be at least 11 triple points so that each of lines L 1 , L 2 and L 4 will have 4 triple points. So we may assume that
. Otherwise, L 2 will have at most 3 triples. By switching labels of L 5
and L 6 , we may assume that L 2 ∩ L 6 ∩ L 7 = ∅. Then the two points Q 21 , Q 22 must be on L 8 ∪ L 9 so that L 2 will passes through 4 triple points. We may assume that Q 21 ∈ L 8 and Q 22 ∈ L 9 . Since the line L 4 also passes through 4 triple points, then Q 31 should be on L 9 . Similarly, since the line L 1 passes through 4 triple points, then Q 13 should be on L 9 and Q 12 should be on L 8 , for that L 9 passes through Q 31 and Q 22 . Now we have 9 triple points. The last triple point must be L 3 ∩ L 7 ∩ L 8 so that L 7 will passes three triple points.
The arrangements with such intersection lattices are noting but A ± √ −1 (see Figure 3 ).
Classification and applications
Summarize the above subsections, we have Proof. The classification simply follows from Corollary 2.6, and Propositions 3.3, 3.4, 3.7, and 3.8.
As a application, we obtain the following result which generalized a result of [GTV03] (Theorem 8.3). .2), we will construct new arrangements of 10 lines such that the moduli space is disconnected.
We define two line arrangements of 10 lines, called extended Falk-Sturmfels arrangement (see Figure 8) :
by adding lines :
Notice that F S ± are both fiber-type line arrangements according to Theorem 3.12 [JYY01] . From this example, we see that moduli spaces of fiber-type projective line arrangements do not have to be connected. In fact, we can produce infinitely many fiber-type projective line arrangements whose moduli spaces are disconnected. On the other hand, we do not know if fundamental groups of complements of fiber-type projective line arrangements are determined by intersection lattices.
